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Particulate compositeThis work aims at estimating the size-dependent effective elastic moduli of particulate composites in
which both the interfacial displacement and traction discontinuities occur. To this end, the interfacial dis-
continuity relations derived from the replacement of a thin uniform interphase layer between two dis-
similar materials by an imperfect interface are reformulated so as to considerably simplify the
characteristic expressions of a general elastic imperfect model which is adopted in the present work
and include the widely used Gurtin–Murdoch and spring-layer interface models as particular cases.
The elastic ﬁelds in an inﬁnite body made of a matrix containing an imperfectly bonded spherical particle
and subjected to arbitrary remote uniform strain boundary conditions are then provided in an exact,
coordinate-free and compact way. With the aid of these results, the elastic properties of a perfectly
bonded spherical particle energetically equivalent to an imperfectly bonded one in an inﬁnite matrix
are determined. The estimates for the effective bulk and shear moduli of isotropic particulate composites
are ﬁnally obtained by using the generalized self-consistent scheme and discussed through numerical
examples.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
In the mechanics of heterogeneous or composite materials, the
interface between two constituent phases is said to be perfect if
and only if both the displacement and traction vectors are continu-
ous across it. Otherwise, it is qualiﬁed as being imperfect. An imper-
fect interface is further referred to as being linear or nonlinear
according as the relations describing its displacement and traction
discontinuities are linear or nonlinear. The situations in which linear
or nonlinear imperfect interfaces occur and have to be taken into ac-
count are numerous in the mechanics of composites. For example,
two constituent phases may be not ﬁrmly bonded together or the
interface between two dissimilar phases may exhibit non negligible
surface energy excess. The present work aims at estimating the size-
dependent effective elastic moduli of particulate composites in
which both the interfacial displacement and traction discontinuities
are present and characterized by linear elastic relations.
Although a great number of works have been dedicated to
accounting for the effects of linear imperfect interfaces on theeffective elastic moduli of composites (see, e.g., Benveniste, 1985;
Brisard et al., 2010; Chen and Dvorak, 2006; Chen et al., 2007;
Duan et al., 2005a,b, 2007a,b, 2009; Hashin, 1990, 1991, 1992;
Javili et al., 2013; Kushch et al., 2011; Quang and He, 2007, 2008,
2009; Sharma and Ganti, 2004), the interfacial models which have
been used are almost exclusively limited to the spring-layer model
and the Gurtin–Murdoch model. In the former, the traction vector
is continuous across an interface while the displacement vector
presents an interfacial jump linearly related to the traction vector.
In the latter, the displacement vector is continuous across an inter-
face while the traction vector suffers an interfacial jump which
must satisfy the Young–Laplace equation where the surface stress
tensor intervenes and is related linearly to the surface strain ten-
sor. However, it is known (see, e.g., Hashin, 2002, 2006, 2008) that
the spring-layer and Gurtin–Murdoch interface models are in-
cluded in a general elastic imperfect interface model. Precisely,
by making an asymptotic analysis for an interphase of small uni-
form thickness between two phases with the purpose of replacing
the interphase by an imperfect interface of null thickness, the dis-
placement and traction jump relations governing the imperfect
interface can be deduced and characterize a general elastic imper-
fect interface model. According as the interphase is much softer or
stiffer than the neighboring phases, the general interface model re-
duces to the spring-layer or Gurtin–Murdoch interface model.
(a) (b)
Fig. 1. Replacement of an interphase by an imperfect interface: (a) matrix/
interphase/particle conﬁguration; (b) matrix/imperfect interface/particle
conﬁguration.
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not only the spring-layer and Gurtin–Murdoch interface models
as two particular extreme cases but also the intermediate cases be-
tween them.
In the present work, the general elastic imperfect interface
model described above is adopted in order to account for the ef-
fects of imperfect interfaces on the effective elastic moduli of par-
ticulate composites. The interfacial displacement and traction
jump relations characterizing that model are reformulated in such
a way that they take simpler compact but equivalent forms partic-
ularly convenient for later use. The important problem of deter-
mining the elastic ﬁelds in an inﬁnite body made of a matrix
containing an imperfectly bonded spherical particle and subjected
to arbitrary remote uniform strain boundary conditions is then
solved in an analytically exact and coordinate-free way. The results
obtained for this problem make it possible to directly apply any
appropriate micromechanical scheme for estimating the size-
dependent effective elastic moduli of particulate composites. In
the present work, the method proposed by Duan et al. (2007a),
which consists in replacing an imperfectly bonded spherical parti-
cle by a perfectly bonded equivalent one in an inﬁnite matrix, is
used together with the generalized self-consistent scheme.
Owing to the generality and versatility of the interface model
adopted, the elastic ﬁelds obtained in the present work for an inﬁ-
nite matrix with an imperfectly bonded spherical particle are new
and allows us to retrieve the relevant elastic ﬁelds reported in the
literature when the spring-layer or Gurtin–Murdoch is employed
(see, e.g., Hashin, 1991; Zhong and Meguid, 1997; Sharma and
Ganti, 2004; Duan et al., 2007a). In addition, the expressions for
the elastic ﬁelds are given in a coordinate-free way and hold for
any remote uniform strain boundary conditions. The results pre-
sented for the effective bulk and shear moduli of a composite with
imperfectly bonded spherical particles are also new and include as
particular cases the corresponding results given in the literature
when the spring-layer or Gurtin–Murdoch is used. Thus, the pres-
ent work uniﬁes and extends: (i) the results in the literature for the
elastic ﬁelds in an inﬁnite elastic isotropic body with an imper-
fectly bonded elastic isotropic spherical particle; (ii) those in the
literature for the size-dependent elastic effective bulk and shear
moduli of isotropic particulate composites with imperfectly
bonded spherical particles.
The rest of the paper is structured as follows. In the next sec-
tion, the physical background and general expressions of the gen-
eral elastic imperfect interface model are recalled in the totally
anisotropic case. The interfacial displacement and traction rela-
tions are reformulated so as to take compact and simple forms.
They are particularized to the isotropic case and shown to in-
clude as particular cases the spring-layer and Gurtin–Murdoch
interface models. In Section 3, the elastic displacement, strain
and stress ﬁelds in an inﬁnite isotropic matrix containing an
imperfectly bonded isotropic spherical particle are derived ﬁrst
for a remote uniform isotropic strain boundary condition, then
for a remote uniform shear strain boundary condition and ﬁnally
for any remote uniform strain boundary condition. It is also
shown how to ﬁnd the corresponding particular results when
the spring-layer or Gurtin–Murdoch interface model is used. In
section 4, the replacement procedure of Duan et al. (2007a)
and the corresponding energy equivalency condition are ﬁrst re-
called. The elastic properties of an equivalent spherical particle
are then deduced in the case where the general imperfect inter-
face model is used. The effective bulk and shear moduli of an iso-
tropic composite with imperfectly bonded spherical particles are
ﬁnally estimated by the generalized self-consistent method. In
section 5, numerical examples are given to illustrate some results
and make discussions on them. In Section 6, a few concluding
remarks are drawn.2. Interface models
The composite under consideration consists of a matrix in
which particulate inhomogeneities are embedded via imperfect
interfaces. Let X be the 3D domain occupied by a representative
volume element (RVE) of the composite. The boundary of X is sym-
bolized by @X. The subdomains of X inhabited by a typical inhomo-
geneity and the matrix are denoted by X 1ð Þ and X 2ð Þ, respectively.
The interface between X 1ð Þ and X 2ð Þ is designed by C with the unit
normal vector n oriented from X 1ð Þ to X 2ð Þ. The materials forming
X 1ð Þ and X 2ð Þ are assumed to be individually homogeneous and lin-
early elastic. Their constitutive behaviour is characterized by
Hooke’s law
r ¼ Le or e ¼Mr; ð1Þ
where r and e stand for the Cauchy stress and inﬁnitesimal strain
tensors; L and M are the fourth-order elastic stiffness and compli-
ance tensors. As usual, L andM have the minor and major symme-
tries and are positive deﬁnite. The inﬁnitesimal strain tensor e is
related to the displacement vector u by
e ¼ 1
2
ruþ ruð ÞT
h i
: ð2Þ
The general elastic interface model initially proposed by Bövik (1994)
and Hashin (2002) and then extended by Benveniste (2006) and Gu
and He (2011) will be used to describe the interface C between X 1ð Þ
and X 2ð Þ. Now, we recall the physical background of this model and
reformulate it in an equivalent but more convenient form.
2.1. General anisotropic interface model
The interface model in question is based on a physically mean-
ingful three-phase conﬁguration (Fig. 1(a)) where an interphases
Xð0Þ of small uniform thickness h is located between a matrix X^ð2Þ
and a particulate inhomogeneity X^ð1Þ. The interface S1 between
X^ð1Þ and Xð0Þ, and the one S2 between X^ð2Þ and X
ð0Þ, are both as-
sumed to be perfect. In the two-phase one (Fig. 1(b)) the interphase
is eliminated and replaced by a zero-thickness imperfect interface
located at the middle surface C of the interphase, while the neigh-
boring phases X^ð1Þ and X^ð2Þ are extended to C so as to become
X 1ð Þ and X 2ð Þ, respectively. Requiring that the jumps of the dis-
placement vector u and the traction vector t across the interphase
X 0ð Þ in the three-phase conﬁguration (Fig. 1(a)) be, to within an
error of order 0 h2
 
, equal to the corresponding ones across the
zone bounded by the surfaces S1 and S2 in the two-phase one
(Fig. 1(b)), the jump conditions that the imperfect interface C in
the two-phase conﬁguration must satisfy can be derived. These
interfacial jump conditions characterize the general elastic
interface model to be used in the present work.
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notations and preliminary results are needed. Let us ﬁrst introduce
the following normal and tangent projection tensors of second
order:
N ¼ n n; T ¼ I  N; ð3Þ
where I is the 3D second-order identity tensor. With the aid of Kro-
necker’s tensor product  deﬁned as ðUVÞijkl ¼ ðUikVjl þ UilVjkÞ=2
for any two second-order tensors U and V (see, e.g., He and Curnier,
1995), we further introduce the normal and tangent projection ten-
sors of fourth order by
T ¼ TT ; N ¼ I T; ð4Þ
where I is the 3D fourth-order identity tensor for the space of sec-
ond-order symmetric tensors. In fact, T and N correspond to the
exterior and interior projection operators of Hill (1983). Next, we
write
A ¼ NLNð Þ1; B ¼ ðTMTÞ1; ð5Þ
in the sense that A NLNð Þ ¼ NLNð ÞA ¼ N and BðTMTÞ ¼
ðTMTÞB ¼ T. It can be shown that A is given by (see, e.g., Gu and
He, 2011)
A ¼ 1
2
GN þ NGð Þ; ð6Þ
where the second-order tensor G is calculated by
G ¼ Q1; Qij ¼ Lipjqnpnq: ð7Þ
In addition, the tensors A;B;L andM are connected by the identity
(see, e.g., Hill, 1983; Gu and He, 2011)
MBþAL ¼ I; ð8Þ
so that B can be calculated by
B ¼ L LAL; ð9Þ
while accounting for (6).
With the foregoing notations and preliminary results, it is now
in order to write the coordinate-free expressions, as given by Gu
and He (2011), for the displacement and traction jumps across
the interface C in the two-phase conﬁguration:
sut ¼ h
2
ðM 0ð ÞB 0ð Þ M 2ð ÞB 2ð ÞÞeðþÞ þ ðM 0ð ÞB 0ð Þ M 1ð ÞB 1ð ÞÞeðÞ n
þ h
2
ðGð0Þ  Gð2ÞÞtðþÞ þ ðGð0Þ  Gð1ÞÞtðÞ
h i
þ 0ðh2Þ;
ð10Þ
stt ¼ h
2
divs ½ðL 2ð ÞA 2ð Þ  L 0ð ÞA 0ð ÞÞt þð Þ þ ðL 1ð ÞA 1ð Þ  L 0ð ÞA 0ð ÞÞt ð Þn
 
þ h
2
divs ðB 2ð Þ  B 0ð ÞÞe þð Þ þ ðB 1ð Þ  B 0ð ÞÞe ð Þ
 þ 0ðh2Þ:
ð11Þ
In these two relations, the superscripts 1 and 2 refer to phases 1 and
2 while the superscript 0 means the interphase in question;  ð Þ rep-
resents a quantity ðÞ evaluated at C on the side of phase 1 while
 þð Þ stands for a quantity ðÞ evaluated at C on the side of phase
2; t is the traction vector given by t ¼ rn; s  t is the interfacial jump
operator deﬁned by s  t ¼  þð Þ   ð Þ;div sðÞ is the surface diver-
gence of a quantity ðÞ deﬁned by
div sðÞ ¼ rðÞ : T: ð12Þ
To simplify the expressions (10) and (11), recall the identities
ð Þ ð Þ ¼ h i  1
2
½½ ð13Þwhere h i is the interfacial average operator deﬁned by
h i ¼  ð Þ þ  þð Þ =2.
Applying (13)–(10) and (11), we have
sut ¼ h
2
ð2M 0ð ÞB 0ð Þ M 2ð ÞB 2ð Þ M 1ð ÞB 1ð ÞÞ eh i n
þ h
2
2Gð0Þ  Gð2Þ  Gð1Þ
 
th i
h i
þ h
2
1
2
ðM 1ð ÞB 1ð Þ M 2ð ÞB 2ð ÞÞset
 	
n
þ h
2
1
2
Gð1Þ  Gð2Þ
 
stt
 	
þ 0ðh2Þ; ð14Þ
stt ¼ h
2
div s ðL 2ð ÞA 2ð Þ þ L 1ð ÞA 1ð Þ  2L 0ð ÞA 0ð ÞÞ rh i
 
þ h
2
div s ðB 2ð Þ þ B 1ð Þ  2B 0ð ÞÞ eh i
 
þ h
2
div s
1
2
ðL 2ð ÞA 2ð Þ  L 1ð ÞA 1ð ÞÞsrt
 	
þ h
2
div s
1
2
ðB 2ð Þ  B 1ð ÞÞset
 	
þ 0ðh2Þ: ð15Þ
The key allowing us to considerably simplify (14) and (15) is the
observation that the jump s  t of any quantity ðÞ involved in the
right-side member of (14) or (15) is of order 0ðhÞ. Precisely, this im-
plies that stt ¼ 0ðhÞ; sTet ¼ 0ðhÞ and sNrt ¼ 0ðhÞ. Thus, neglecting
the quantities of orders equal to and higher than 0ðh2Þ in (14) and
(15) and using (8), we obtain
sut ¼  h
2
ð2A 0ð ÞL 0ð Þ A 2ð ÞL 2ð Þ A 1ð ÞL 1ð ÞÞ eh i n
þ h
2
ð2Gð0Þ  Gð2Þ  Gð1ÞÞ th i
h i
þ 0ðh2Þ; ð16Þ
stt ¼ h
2
div s ðL 2ð ÞA 2ð Þ þ L 1ð ÞA 1ð Þ  2L 0ð ÞA 0ð ÞÞn
 
th i 
þ h
2
div s ðB 2ð Þ þ B 1ð Þ  2B 0ð ÞÞ eh i
 þ 0ðh2Þ: ð17Þ
The expressions (16) and (17) are equivalent to but simpler than
(10) and (11). Further, deﬁning the constant tensors
eB ¼ h
2
B 2ð Þ þ B 1ð Þ  2B 0ð Þ
 ;
eG ¼ h
2
2Gð0Þ  Gð2Þ  Gð1Þ
 
;
eZ ¼ h
2
ð2A 0ð ÞL 0ð Þ A 2ð ÞL 2ð Þ A 1ð ÞL 1ð ÞÞ;
ð18Þ
the expressions (16) and (17) can be recast in a very compact way:
sut ¼ ðeZ eh iÞnþ eG th i þ 0ðh2Þ; ð19Þ
stt ¼ div s½eB eh i  ðeZTnÞ th i þ 0ðh2Þ: ð20Þ
These two compact jump relations constitute the ﬁnal formulation
for the general elastic imperfect interface model in question.
2.2. General isotropic interface model
In the most important particular case where the phases and the
interphase are all isotropic, the elastic stiffness and compliance
tensors have the simple forms
L ¼ 3jJþ 2lK; M ¼ 1
3j
Jþ 1
2l
K; ð21Þ
with J ¼ 13 I  I and K ¼ I J. In this case, from formulae (5), (7)
and (21) it follows that
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4lþ 3jN þ
1
l
T; ð22Þ
A ¼ 1
2l
Nþ 2l 3j
4lþ 3jN  N
 	
; ð23Þ
B ¼ 2l T 2l 3j
4lþ 3jT  T
 	
: ð24Þ
Next, using (19), (20) and invoking (18 ), we obtain the interfacial
jump relations in the isotropic case:
sut ¼ h
2
c1ðT : eh iÞnþ c2N þ c3Tð Þ th i½  þ 0ðh2Þ; ð25Þ
stt ¼ h
2
divs c1 n  th ið ÞT þ c4Tþ c5T  Tð Þ eh i½  þ 0ðh2Þ; ð26Þ
with the material parameters ci speciﬁed by
c1 ¼ 3j
ð2Þ  2lð2Þ
3jð2Þ þ 4lð2Þ þ
3jð1Þ  2lð1Þ
3jð1Þ þ 4lð1Þ  2
3jð0Þ  2lð0Þ
3jð0Þ þ 4lð0Þ ;
c2 ¼ 63jð0Þ þ 4lð0Þ 
3
3jð2Þ þ 4lð2Þ 
3
3jð1Þ þ 4lð1Þ ;
c3 ¼ 2l 0ð Þ 
1
l 2ð Þ 
1
l 1ð Þ ;
c4 ¼ 2 l 2ð Þ þ l 1ð Þ  2l 0ð Þ

 
;
c5 ¼ 2
l 2ð Þ 3jð2Þ  2lð2Þ
 
3jð2Þ þ 4lð2Þ þ
l 1ð Þ 3jð1Þ  2lð1Þ
 
3jð1Þ þ 4lð1Þ  2
l 0ð Þ 3jð0Þ  2lð0Þ
 
3jð0Þ þ 4lð0Þ
 
:
ð27Þ
Note that only 5 material parameters are involved in the interface
model instead of the 6 ones, i.e., jðiÞ and l ið Þ with i ¼ 0;1 and 2.
2.3. Extreme particular interface models
Finally, it is important to examine the general interface model
presented above in the two opposite extreme cases: the stiffness
of the interphase is much higher or lower than the one of each of
its surrounding phases, i.e., L 0ð Þ
  L ið Þ  or L 0ð Þ 	 L ið Þ  with
i ¼ 1 and 2. To facilitate the analysis of these two cases, it is conve-
nient to introduce a small dimensionless parameter g ¼ h=h0 	 1
with h0 being a reference length of the same order as the geomet-
rical dimensions of the inhomogeneities in a composite. Then, the
two extreme cases can be formulated as follows:
Case 1 – rigid interphase
L 0ð Þ ¼ 1
g
bL 0ð Þ; L 2ð Þ ¼ bL 2ð Þ; L 1ð Þ ¼ L^ 1ð Þ; ð28Þ
Case 2 – soft interphase
L 0ð Þ ¼ gbL 0ð Þ; L 2ð Þ ¼ bL 2ð Þ; L ið Þ ¼ bL 1ð Þ: ð29Þ
Above, bL ið Þ ði ¼ 0;1;2Þ are the reference stiffness tensors of the same
order.
In the case of a rigid interphase, accounting for (28) in (19) and
(20), it can be shown that, to within an error of order 0 hð Þ,
sut ¼ 0; ð30Þ
stt ¼ divsrs; rs ¼ hB 0ð Þes; ð31Þ
where es is the surface strain tensor deﬁned by es ¼ Te. These two
equations mean that, to within an error of order 0 hð Þ, the displace-
ment vector is continuous across the interface but the traction vec-
tor undergoes a jump stt which must verify the Laplace-Young
equation ½ t½  ¼ divsrs where the surface stress tensor rs is related
to the surface strain tensor by the surface stiffness tensorcorresponding to hB 0ð Þ. When the interphase is isotropic, formula
(24) allows us to specify the expression of rs as follows:
rs ¼ hB 0ð Þes ¼ kstr esð ÞT þ 2lses; ð32Þ
with
ks ¼ h
2lð0Þ 3jð0Þ  2lð0Þ
 
3jð0Þ þ 4lð0Þ ; ls ¼ hl
ð0Þ; ð33Þ
which can be called the Lamé surface constants. In fact, the imper-
fect interface model characterized by (30) and (31) is exactly the so-
called Gurtin–Murdoch model (Gurtin and Murdoch, 1975), or
membrane-type model, which is widely adopted for studying
nanocomposites.
In the case of a soft interphase, accounting for (29) in (19) and
(20), it can be proved that, to within an error of order 0 hð Þ,
stt ¼ 0; ð34Þsut ¼ hGð0Þt: ð35Þ
These expressions mean that the traction is continuous across an
interface and proportional to the displacement jump across the
same interface. When the interphase is isotropic, the introduction
of formula (22) in (35) yields
sut ¼ hGð0Þt ¼ ðanN þ aTTÞt; ð36Þ
with
an ¼ 3h4lð0Þ þ 3jð0Þ ; aT ¼
h
lð0Þ
: ð37Þ
The relations (34) and (35) formulate the well-known spring-layer
interface model (see, e.g., Duan et al., 2007a; Zhu et al., 2011).2.4. Effective elastic isotropic law
In what follows, the particulate composite under investigation
consists of an elastic isotropic matrix in which elastic isotropic par-
ticulates are embedded. The interface between the matrix and a
generic particulate is described by the general isotropic imperfect
interface model formulated by the jump relations (25) and (26).
At the macroscopic scale, the composite under consideration is as-
sumed to be isotropic, so that the macroscopic elastic stress–strain
and strain–stress relations are given by
r ¼ 3j
Jeþ 2l
Ke; ð38Þe ¼ 1
3j

Jrþ 1
2l

Kr; ð39Þ
where j
 and l
 are the effective bulk and shear moduli, r and e de-
note the macroscopic stress and strain tensors deﬁned by
r ¼ 1
V
Z
@X
xstds ¼ 1
V
Z
X
rdV þ 1
V
X
i
Z
Ci
sttsxds; ð40Þe ¼ 1
V
Z
@X
usmds ¼ 1
V
Z
X
edV þ 1
V
X
i
Z
Ci
sutsnds; ð41Þ
with s being the symmetrized tensor product deﬁned by
asb ¼ 12 ða bþ b aÞ for any two vectors a and b and m the unit
vector normal to the boundary of X. One of the main problems to be
solved in this paper is the determination of j
 and l
.
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particle with imperfect interface
Now, we consider an inﬁnite body X1 made of a matrix
X 2ð Þ containing a spherical particle X 1ð Þ of radius R. The materials
forming X 1ð Þ and X 2ð Þ are linearly elastic, individually homoge-
neous, and isotropic, so that the elastic stiffness and compliance
tenors given by formula (21) hold for them. The interface
C between the matrix X 2ð Þ and the particle X 1ð Þ is assumed to be
characterized by the general isotropic interface jump relations
(25) and (26). The Cartesian coordinate system to be used is asso-
ciated to an orthonormal basis ðe1; e2; e3Þ and has its origin coincid-
ing with the center of the spherical particle. Relative to this system,
the interface C is geometrically deﬁned by xk k ¼ R, and its unit
normal vector is given by n ¼ x= xk k with x 2 C.
The fundamental problem to be solved in this section is to ﬁnd
the displacement, strain and stress ﬁelds in the matrix X 2ð Þ and
particle X 1ð Þ when the inﬁnite body X1 is subjected to the remote
uniform strain boundary condition:
uðxÞ ¼ u0ðxÞ ¼ e0x on @X1; ð42Þ
where e0 is a constant strain tensor and @X1 symbolizes the bound-
ary of X1 which corresponds also to the external boundary of the
matrix X 2ð Þ. In the remote boundary condition (42), ‘‘on @X1’’ is
to be understood as ‘‘for x such that xk k ! þ1’’. Owing to the lin-
earity and symmetry of the problem, it sufﬁces to consider the fol-
lowing two forms of e0 in (42):
e0 ¼ e0I; ð43Þ
e0 ¼ c0 e1  e1  e2  e2ð Þ; ð44Þ
where the scalar constant e0 stands for an isotropic strain and the
scalar constant c0 represents a shear strain in the plane x1  x2. In-
deed, if any other form of e0 is prescribed, the solution to the prob-
lem can be obtained by applying the superposition principle and
using the solutions obtained for the forms (43) and (44).
3.1. Remote uniform isotropic strain boundary condition
Consider the boundary condition (42) with e0 given by (43), i.e.,
u ¼ e0x on @X1: ð45Þ
The problem to be solved exhibits spherical symmetry. Inspired by
the classical solution for an elastic hollow sphere subjected to a uni-
form pressure on its inner surface and to a uniform pressure on its
outer surface, we postulate
uðiÞ ¼ e0 aðiÞx bðiÞ x
xk k3
 !
; ð46Þ
as the displacement ﬁeld in the matrix (i ¼ 2) and in the particle
(i ¼ 1), with aðiÞ and bðiÞ being the parameters to be determined. It
can be checked that the stress ﬁeld rðiÞ associated to uðiÞ given by
(46) via the strain–displacement relation and Hooke’s isotropic
law veriﬁes the local equilibrium equation divrðiÞ ¼ 0. Thus, for
the foregoing displacement ﬁeld to be the solution to the problem
in question, we need only to account for: (i) the fact that the dis-
placement vector must be ﬁnite at the center of the spherical parti-
cle; (ii) the boundary condition (45); (iii) the interfacial jump
relations (25) and (26).
The requirement that the displacement vector of the particle at
its center x ¼ 0 be ﬁnite implies that bð1Þ ¼ 0. The satisfaction of
the boundary condition (45) results in að2Þ ¼ 1. Consequently, we
have
u 1ð Þ ¼ e0a 1ð Þx in X1; ð47Þu 2ð Þ ¼ e0 x b
ð2Þ
xk k3
x
 !
in X2: ð48Þ
The corresponding strain and stress ﬁelds can be calculated and are
delivered by
e 1ð Þ ¼ a 1ð Þe0I in X1; ð49Þ
e 2ð Þ ¼ e0 1 b
ð2Þ
xk k3
 !
I þ 3b
ð2Þ
xk k5 ðx xÞ
" #
in X2; ð50Þ
r 1ð Þ ¼ 3j 1ð Þa 1ð Þe0I in X1; ð51Þ
r 2ð Þ ¼ e0 3j 2ð ÞI  2l 2ð Þ b
ð2Þ
xk k3
I  3Nð Þ
" #
in X2: ð52Þ
The two constants a 1ð Þ and bð2Þ in the above expressions are to be
determined by the interface jump relations (25) and (26). To this
end, we also need calculating the stress vectors t 1ð Þ and t 2ð Þ acting
on the interface C and associated to r 1ð Þ and r 2ð Þ:
t 1ð Þ ¼ r 1ð Þn ¼ 3j 1ð Þa 1ð Þe0 xR on C; ð53Þ
t 2ð Þ ¼ r 2ð Þn ¼ 3j 2ð Þ þ 4l 2ð Þ b
ð2Þ
R3
 !
e0
x
R
on C: ð54Þ
Next, introducing (47)–(50) and (53), (54) into the jump relations
(25) and (26), we obtain a system of two linear equations:
Kn ¼ 1; ð55Þ
with
K ¼
1þ d2 32 c2jð1Þ þ c1

 
1þ d c2lð2Þ  c12

 
3 d2 c4þ2c5ð Þjð1Þ þ 3c1
h i
4 lð2Þjð1Þ þ d2 c4þ2c5ð Þjð1Þ  4c1 l
ð2Þ
jð1Þ
h i24 35;
n ¼ að1Þ; bð2Þ
R3
h iT
;
1 ¼ 1 d2 32 c2jð2Þ þ c1

 
; 3 jð2Þjð1Þ þ d2 3c1 j
ð2Þ
jð1Þ þ c4þ2c5ð Þjð1Þ
 h iT
:
Above, d ¼ h=R, and ci are the interface material parameters deﬁned
in (27). By solving the system (55), it comes that
að1Þ ¼ 4l
ð2Þ=jð1Þ þ 3jð2Þ=jð1Þ
3þ 4lð2Þ=jð1Þ þ d 6c2l 2ð Þ  c4 þ 2c5ð Þ=jð1Þ þ c1 4lð2Þ=jð1Þ  3ð Þ½  ;
bð2Þ ¼ 3 1 j
ð2Þ=jð1Þ

  d 3c1 1þ jð2Þ=jð1Þ
 þ c4 þ 2c5ð Þ=jð1Þ þ 9c2jð2Þ=2 
3þ 4lð2Þ=jð1Þ þ d 6c2l 2ð Þ  c4 þ 2c5ð Þ=jð1Þ þ c1 4lð2Þ=jð1Þ  3ð Þ½  R
3:
ð56Þ
Substituting these two expressions into (47)–(52), we obtain the ﬁ-
nal explicit expressions for the displacement, strain and stress ﬁelds
in the matrix X 2ð Þ and particle X 1ð Þ.
3.2. Remote uniform shear strain boundary condition
In this case, the boundary condition (42) with e0 given by (44) is
imposed, i.e.,
u ¼ c0 e1  e1  e2  e2ð Þx on @X1: ð57Þ
Starting from the well-known solution for a hollow elastic sphere
subjected to a uniform shear strain on its inner surface and another
uniform shear strain on its outer surface (see, e.g., Love, 1944;
Christensen and Lo, 1979), using the boundary condition (57) and
accounting for the fact that the displacement vector at the center
of the particle is ﬁnite, we postulate
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ð1Þ þ 11lð1Þ
3lð1Þ
Bð1Þ xk k2
 
e0x
þ 6j
ð1Þ þ 17lð1Þ
3lð1Þ
Bð1Þ e0 : ðx xÞ x; ð58Þ
uð2Þ ¼ 1þ 2 C
ð2Þ
xk k3
 2 D
ð2Þ
xk k5
 !
e0x
þ 3j
ð2Þ þ lð2Þ
lð2Þ
Cð2Þ
xk k5 þ 5
Dð2Þ
xk k7
 !
e0 : ðx xÞ x; ð59Þ
as the displacement ﬁelds in the particle X 1ð Þ and matrix X 2ð Þ,
respectively. In these expressions, Að1Þ;Bð1Þ;Cð2Þ and Dð2Þ are param-
eters to be determined. With the help of the strain–displacement
relation and the isotropic Hooke’s law, we can derive from (58)
and (59) the corresponding strain and stress ﬁelds:
eð1Þ ¼ Að1Þ  15j
ð1Þ þ 11lð1Þ
3lð1Þ
Bð1Þ xk k2
 
e0
þ 6j
ð1Þ þ 17lð1Þ
3lð1Þ
Bð1Þ e0 : ðx xÞ I
 3j
ð1Þ  2lð1Þ
lð1Þ
Bð1Þ ðe0xÞ  xþ x ðe0xÞ ; ð60Þ
eð2Þ ¼ 1þ 2C
ð2Þ
xk k3
 2D
ð2Þ
xk k5
 !
e0 þ 3j
ð2Þ þ lð2Þ
lð2Þ
Cð2Þ
xk k5 þ
5Dð2Þ
xk k7
 !
 e0 : ðx xÞ I  5 3jð2Þ þ lð2Þ
lð2Þ
Cð2Þ
xk k7 þ 7
Dð2Þ
xk k9
 !
 ½e0 : ðx xÞðx xÞ þ 3j
ð2Þ  2lð2Þ
lð2Þ
Cð2Þ
xk k5 þ 10
Dð2Þ
xk k7
 !
 ðe0xÞ  xþ x ðe0xÞ ; ð61Þ
rð1Þ ¼ 25j 1ð Þ  8l
ð1Þ
3
 
Bð1Þ½e0
: ðx xÞI þ 2l 1ð ÞAð1Þ  30j
ð1Þ þ 22lð1Þ
3
Bð1Þ xk k2
 
e0
þ 2 2lð1Þ  3jð1Þ
 Bð1Þ ðe0xÞ  xþ x ðe0xÞ ; ð62Þ
rð2Þ ¼ 2l 2ð Þ 3 C
ð2Þ
xk k5 þ 5
Dð2Þ
xk k7
 !
½e0 : ðx xÞI
þ 2l 2ð Þ 1þ 2 C
ð2Þ
xk k3
 2 D
ð2Þ
xk k5
 !
e0
 10l 2ð Þ 3j
ð2Þ þ lð2Þ
lð2Þ
Cð2Þ
xk k7 þ 7
Dð2Þ
xk k9
 !
 ½e0 : ðx xÞ x xð Þ þ 2l 2ð Þ 3j
ð2Þ  2lð2Þ
lð2Þ
Cð2Þ
xk k5 þ 10
Dð2Þ
xk k7
 !
 ðe0xÞ  xþ x ðe0xÞ : ð63Þ
The stress ﬁelds rð1Þ and rð2Þ can be shown to verify the local equi-
librium equation divrðiÞ ¼ 0.
To determine the 4 parameters Að1Þ;Bð1Þ;Cð2Þ and Dð2Þ by the
interface jump relations (25) and (26), we calculate the stress vec-
tors acting on the interface C:
tð1Þ ¼ 2l
1ð Þ
R
Að1Þ  8j
ð1Þ
l 1ð Þ
þ 5
3
 
Bð1ÞR2
 	
e0x
þ 1
R
19j 1ð Þ þ 4l
ð1Þ
3
 
Bð1Þ½e0 : ðx xÞx; ð64Þtð2Þ ¼ 2l
ð2Þ
R
1þ 3j
ð2Þ
lð2Þ
Cð2Þ
R3
þ 8D
ð2Þ
R5
" #
e0x
 2l
ð2Þ
R
12jð2Þ þ 4lð2Þ
lð2Þ
Cð2Þ
R5
þ 20D
ð2Þ
R7
 !
½e0 : ðx xÞx; ð65Þ
where x 2 C. Then, inserting (58)–(61) and (64), (65) into (25) and
(26) yields a system of 4 linear equations:
Wy ¼ z; ð66Þ
where the components of the 4 4 matrix W and the 4 -dimen-
sional vectors y and z are speciﬁed in Appendix A. The solution of
the system (66) provides the analytical expressions of Að1Þ;Bð1Þ;Cð2Þ
and Dð2Þ, which are not given here because of their cumbersomeness.
3.3. Arbitrary remote uniform boundary condition
The coordinate-free formulae (58)–(63) for the elastic ﬁelds in-
duced by a remote uniform shear strain applied in the plane x1  x2
are remarkable in the sense that they also hold for a remote uni-
form shear strain applied in the plane x1  x3 or x2  x3. In these
cases, it sufﬁces to replace the expression (44) of e0 by
e0 ¼ c0 e1  e1  e3  e3ð Þ or e0 ¼ c0 e2  e2  e3  e3ð Þ in (58)–(63).
In fact, the expressions (58)–(63) remain true even for any remote
uniform deviatoric strain boundary (42) upon replacing e0 by a
traceless tensor ~e0 such that trð~e0Þ ¼ 0.
By the superposition principle and with the aid of the usual
decomposition
e0 ¼ e0I þ ~e0 with e0 ¼ 13 trðe
0Þ ð67Þ
for an arbitrary strain tensor e0, we can deduce from the elastic
ﬁelds (47)–(52), (58), (59)–(63) those produced by a remote arbi-
trary uniform strain boundary condition (42). The results are given
in Appendix B. In particular, the elastic ﬁelds for the important case
of the remote uniform uni-axial strain along a direction, say e1
u0 ¼ e011 e1  e1ð Þx on @X1; ð68Þ
can be easily obtained with the aid of the results of Appendix B.
3.4. Elastic ﬁelds in the cases of membrane-type and spring-layer
interfaces
In the case where the Gurtin–Murdoch (or membrane-type)
interface model is valid, we take
d ¼ h
R
¼ g; jð0Þ ¼ 1
g
jð0Þ0 ; l
ð0Þ ¼ 1
g
lð0Þ0 ; j
ðiÞ ¼ jðiÞ0 ; lðiÞ ¼ lðiÞ0 ;
ð69Þ
where g	 1 , jð0Þ0 ;lð0Þ0 ;jðiÞ0 and lðiÞ0 with i ¼ 1 and 2 are the refer-
ence moduli of the same order. Accounting for (69) in (27), it can
be shown that, to within an error of order 0ðgÞ:
dc4
l ið Þ
¼ 4ls
R
1
l ið Þ
;
dc5
l ið Þ
¼ 2js  ls
R
1
l ið Þ
;
dc4
j ið Þ
¼ 4ls
R
1
j ið Þ
;
dc5
j ið Þ
¼ 2js  ls
R
1
j ið Þ
;
ð70Þ
where js ¼ ks þ ls with ks and ls deﬁned by (33). Using these
expressions in (56) leads to
að1Þ ¼ 4l
ð2Þ=jð1Þ þ 3jð2Þ=jð1Þ
4js= Rjð1Þð Þ þ 4lð2Þ=jð1Þ þ 3 ;
bð2Þ ¼ 3 1 j
ð2Þ=jð1Þ

 þ 4js= Rjð1Þ
 
4js= Rjð1Þð Þ þ 4lð2Þ=jð1Þ þ 3 R
3:
ð71Þ
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particular expressions (71) of að1Þ and bð2Þ are equivalent to those
presented by Sharma and Ganti (2004) via the so-called size-depen-
dent Eshelby’s tensor. Further, accounting for (70), the expressions
ofW and z involved in Eq. (66) and given in Appendix A can be con-
siderably simpliﬁed. In Appendix A, the simpliﬁed expressions ofW
and z are also provided. Finally, solving ( 66) and introducing the
resulting expression of y in (58)–(63), we have the elastic ﬁelds
produced by a remote uniform shear boundary condition in the
presence of a membrane-type interface.
If the spring-layer interface model prevails, we set
d ¼ h
R
¼ g; jð0Þ ¼ gjð0Þ0 ; lð0Þ ¼ glð0Þ0 ; jðiÞ ¼ jðiÞ0 ; lðiÞ ¼ lðiÞ0 :
ð72Þ
Substituting (72) into (27), it can inferred that, to within an error of
order 0ðgÞ,
dc1 ¼ dc4=jðiÞ ¼ dc5=jðiÞ ¼ 0;
dc2jðiÞ ¼ 2anR j
ðiÞ; dc3j ið Þ ¼ 2aTR j
ið Þ;
dc2l ið Þ ¼ 2anR l
ið Þ; dc3l ið Þ ¼ 2aTR l
ið Þ;
ð73Þ
with i ¼ 1;2. Using these expressions in (56) yields
að1Þ ¼ 4l
ð2Þ=jð1Þ þ 3jð2Þ=jð1Þ
12anlð2Þ=Rþ 4lð2Þ=jð1Þ þ 3 ;
bð2Þ ¼ 3 1 j
ð2Þ=jð1Þ

  9anjð2Þ=R
12anlð2Þ=Rþ 4lð2Þ=jð1Þ þ 3 R
3;
ð74Þ
with an given by (37). Inserting the expressions (74) of að1Þ and
bð2Þ in (47)–(52) allows us to retrieve the relevant elastic ﬁelds gi-
ven by Zhong and Meguid (1997). Similarly, accounting for (73) in
the formulae of W and z given in Appendix A and solving (66),
we can obtain the expression of y whose introduction into (58)–
(63) provides the coordinate-free expressions of the elastic ﬁelds in-
duced by a remote uniform shear boundary condition in the case of
a spring-layer interface. The simpliﬁed expressions ofW and z tak-
ing (73) into account are speciﬁed at the end of Appendix A.(a) (b)
Fig. 2. Equivalent inhomogeneity method based on the energy equivalency
condition Dwinter ¼ Dweq: (a) energy change Dwinter induced by embedding an
inhomogeneity via an imperfect interface; (b) energy change Dweq induced by
embedding the perfectly-bonded equivalent inhomogeneity.4. Determination of the effective elastic bulk and shear moduli
Having obtained the elastic ﬁelds in the inﬁnite matrix X 2ð Þ and
spherical particle X 1ð Þ in the last section, we can now adapt an
appropriate micromechanical scheme to determine the effective
bulk and shear moduli, j
 and l
, intervening in the stress–strain
and strain–stress relations (38) and (39). In the present work, we
ﬁrst extend the replacement procedure proposed by Duan et al.
(2007a) to the treatment of the imperfect interface exhibiting not
only a displacement jump but also a traction jump, and then apply
the generalized self-consistent model to estimate j
 and l
.
4.1. Replacement procedure
The basic idea underlying the replacement procedure of Duan
et al. (2007a) is: (i) to replace an inﬁnite elastic matrix containing
a spherical elastic particle of radius R imperfectly bonded to it by
the same inﬁnite matrix incorporating an equivalent particle of ra-
dius R perfectly bonded to it; (ii) to require the elastic moduli of the
equivalent particle to be such that the elastic energy of the former
matrix/imperfect interface/particle system is equal to that of the
latter matrix/perfect interface/particle system under the action of
any remote uniform strain boundary condition. For the present pa-
per to be self-contained and for later use, we give the formulation
of this procedure below.First, consider an inﬁnite body X1 consisting of an elastic
homogeneous isotropic material which is identical to the one
forming the matrix Xð2Þ and characterized by the stiffness tensor
Lð2Þ. Let X1 undergo a remote uniform strain condition as speciﬁed
by (42) and denote by r0ij and u0i the resulting uniform stress and
displacement ﬁelds in the homogeneous inﬁnite body. The elastic
energy w0 strored in X
1 has the simple expression
w0 ¼ X
1j j
2
e0 : ðL 2ð Þe0Þ;
where X1j j denotes the volume of X1. Here and in what follows, to
avoid mathematical and physical difﬁculties, the idealized ‘‘inﬁnite
body X1’’ should be in reality taken as a sufﬁciently large but
bounded body, so that its volume X1j j is ﬁnite and its boundary
@X1 is bounded.
Next, we cut a sphere of radius R out of X1 and substitute back
a particleXð1Þ of radius R made of an elastic homogeneous isotropic
material characterized by the stiffness tensor Lð1Þ and imperfectly
bonded to the matrix Xð2Þ ¼ X1 nXð1Þ via the interface C deﬁned
by the relations (25) and (26) (Fig. 2(a)). Clearly, the boundary
@Xð2Þ of the matrix is given by @Xð2Þ ¼ @X1 [ C. Under the action
of the remote uniform strain condition (42), the elastic energy
stored in the matrix/imperfect interface/particle system is given by
w ¼ 1
2
Z
@X1
rð2Þij u
0
i mjdS ¼ w0 þ Dwinter; ð75Þ
where rð2Þij are the components of the stress tensor ﬁeld rð2Þ in
Xð2Þ;mj are the components of the unit outward vector normal to
the boundary @X1 and Dwinter represents the difference between
w0 and w due to the introduction into X
1 of the particle with the
imperfect interface. Accounting for the uniform strain boundary
(42), recalling @Xð2Þ ¼ @X1 [ C and applying the divergence theo-
rem, it follows that
w ¼ 1
2
Z
@X1
rð2Þij u
0
i mjdS ¼
1
2
e0ij
Z
Xð2Þ
rð2Þij dV þ
1
2
Z
C
u0i r
ð2Þ
ij njdS: ð76Þ
Further, using the constitutive law rð2Þij ¼ Lð2Þijkleð2Þij ¼ Lð2Þijkluð2Þi;j , applying
the divergence theorem and invoking the uniform boundary condi-
tion (42) in the volume integral of (76), we get
w ¼ w0 þ 12
Z
C
ðrð2Þij u0i nj  r0ijuð2Þi njÞdS: ð77Þ
Comparing (77) with (75) yields
Dwinter ¼ 12
Z
C
ðu0i tð2Þi  t0i uð2Þi ÞdS; ð78Þ
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by’s formula in micomechanics when the interface C is perfect. In
fact, it is seen here that (78) holds even when C is a linearly elastic
imperfect interface involving both displacement and traction
jumps. In this case, the evaluation of uð2Þi and t
ð2Þ
i in (78) at C must
be made on the side of the matrix Xð2Þ.
Now, the foregoing spherical particle is replaced by an equiva-
lent spherical particle of radius R which is formed of an elastic
homogeneous isotropic material with the stiffness tensor
LðeqÞ ¼ 3jeqJþ 2leqK; ð79Þ
to be determined, and the interface C between this equivalent par-
ticle and the matrix X 2ð Þ is imposed to be perfect (Fig. 2(a)). Letting
the remote uniform strain condition (42) be prescribed, the elastic
energy of this matrix/perfect interface/particle system is given by
weq ¼ w0 þ Dweq;
where the difference Dweq betweenw0 andweq can be calculated by
Eshelby’s formalism as follows (Duan et al., 2007a):
Dweq ¼
X 1ð Þ
 
2
e0 Lð2Þ½Lð2ÞðLðeqÞ  Lð2ÞÞ1Lð2Þ þ Lð2ÞS
1
Lð2Þ
 
e0: ð80Þ
In this formula, S is the classical interior Eshelby tensor for the iso-
tropic problem (see, e.g., Nemat-Nasser and Hori, 1999):
S ¼ 3j
2ð Þ
3j 2ð Þ þ 4l 2ð Þ Jþ
6 j 2ð Þ þ 2l 2ð Þ
 
5 3j 2ð Þ þ 4l 2ð Þð ÞK: ð81Þ
The energy equivalency condition
Dweq ¼ Dwinter ð82Þ
will allow for determining the elastic moduli jeq and leq of the
material forming the equivalent particle.
4.2. Elastic moduli of the equivalent particle
To calculate the elastic bulk modulus jeq of the material form-
ing the equivalent particle, we consider the remote uniform isotro-
pic boundary condition (45). In this case, using (48) and (54) for
the displacement and traction vectors on the imperfect interface
and on the side of the matrix X 2ð Þ and carrying out the integral
(78), we obtain
Dwinter ¼
3 X 1ð Þ
 e20
2
3jð2Þ þ 4l 2ð Þ
  bð2Þ
R3
: ð83Þ
At the same time, introducing (79) and (81) into (80) results in
Dweq ¼
3 X 1ð Þ
 e20
2
1
3 jeq  j 2ð Þð Þ þ
1
3j 2ð Þ þ 4l 2ð Þ
 	1
: ð84Þ
Then, we apply the condition (82) to derive
jeq ¼ 2
3
jð1Þ
3 d c4=jð1Þ þ 2c5=jð1Þ þ 3c1

 
2þ d 2c1 þ 3c2jð1Þð Þ : ð85Þ
It should be emphasized that the quantities of orders equal to and
higher than 0ðd2Þ are neglected in the numerator and denominator
of (85). As expected, we have jeq ! jð1Þ when d! 0, i.e. when the
interface C tends to being perfect.
Next, aiming to ﬁnd the elastic shear modulus leq of the mate-
rial forming the equivalent particle, the remote uniform shear
strain boundary (57) is prescribed. In this situation, invoking the
displacement and traction expressions (59) and (65) and perform-
ing the integral (78), it follows that
Dwinter ¼ 2 X 1ð Þ
 c20 3j 2ð Þ þ 4l 2ð Þ
 Cð2ÞR3 : ð86ÞOn the other side, inserting (79) and (81) into (80), we obtain
Dweq ¼ X 1ð Þ
 c20 12 leq  l 2ð Þð Þ þ 3 j 2ð Þ þ 2l 2ð Þ

 
5l 2ð Þ 3j 2ð Þ þ 4l 2ð Þð Þ
 	1
: ð87Þ
The energy equivalency condition Dwinter ¼ Dweq leads to the
expression
leq ¼ lð1Þ d c1f1 þ c2f2 þ c3f3 þ c4f4 þ c5f5ð Þ þx
d c1g1 þ c2g2 þ c3g3 þ c4g4 þ c5g5ð Þ þx
; ð88Þ
where x; fi and gi (i ¼ 1;2;3;4;5) are material parameters whose
expressions in terms of j mð Þ and l mð Þ (m ¼ 1;2) are lengthy and gi-
ven in Appendix C. As in (85), the quantities of orders equal to and
higher than 0ðd2Þ in the numerator and denominator of (88) are ne-
glected. When d ¼ 0, Eq. (88) gives leq ¼ l 1ð Þ for the perfect inter-
face, as expected.
Finally, we examine the expressions (85) and (88) of jeq and
leq when the general imperfect interface in question is reduced
to the interface described by the membrane-type or spring-layer
interface model as discussed § 2.3.
When the membrane-type interface model prevails, i.e.,
j 0ð Þ  j ið Þ and l 0ð Þ  l ið Þ with i ¼ 1 and 2, the expressions in
(70) hold and can be used to simplify (85) into
jeq ¼ jð1Þ þ 4
3
js
R
: ð89Þ
This equation is equivalent to Eq. (18) in Duan et al. (2007a) for
the interface stress model with js ¼ 2ðls þ ksÞ rather than
js ¼ ðls þ ksÞ in the present work. At the same time, using (69),
we can show that, to within an error of order 0 gð Þ, the expression
(88) of leq reduces to
leq ¼ lð1Þ 4
ls
R f4  2 jslsR f5 þx
4 lsR g4  2 jslsR g5 þx
; ð90Þ
which is equivalent to Eq. (19) in Duan et al. (2007a) for the inter-
face stress model with js ¼ 2ðls þ ksÞ instead of js ¼ ðls þ ksÞ.
If the spring-layer interface model is valid, i.e., j 0ð Þ 	 j ið Þ and
l 0ð Þ 	 l ið Þ with i ¼ 1 and 2, we have the expressions (73) allowing
us to reduce (85) to
jeq ¼ j
ð1Þ
3jð1Þ anR þ 1
; ð91Þ
which is identical to Eq. (16) in Duan et al. (2007a). With the aid of
(72), it can be proved that, to within an error of order 0 gð Þ, the
expression of (88) of leq is equal to
leq ¼ lð1Þ 2
an
R f2 þ aTR f3

 þx
2 anR g2 þ aTR g3

 þx ; ð92Þ
which is the same as Eq. (17) in Duan et al. (2007a).
The above comparisons conﬁrm that the expressions (85) and
(88) for the elastic moduli of the equivalent particle include as spe-
cial cases the results obtained by Duan et al. (2007a) for the inter-
face stress and spring-layer models.
4.3. Effective elastic moduli of the composite
After explicitly determining the elastic properties of an equiva-
lent spherical particle, the initial problem of estimating the effec-
tive elastic bulk and shear moduli, j
 and l
, of a composite
made of a matrix containing imperfectly bonded particles can be
now reduced to the classical micromechanical problem of estimat-
ing the effective elastic moduli of a composite formed of a matrix
comprising perfectly bonded equivalent homogeneous parti-
cles. The latter problem can be treated by choosing one appropri-
ate micromechanical scheme proposed in the literature. In the
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adopted. This is for two reasons: (i) the composite in question is
particulate and its matrix is a connected phase in which particles
are dispersed and separated from each other; (ii) the notion of
equivalent particles used is an energetic equivalency notion which
is compatible with the energetic consistency condition underlying
GSCM.
According to GSCM (see, e.g., Christensen and Lo, 1979; Nemat-
Nasser and Hori, 1999; Torquato, 2001), the effective bulk modulus
j
 of the composite under consideration is given by
j
 ¼ jð2Þ þ /ðj
eq  jð2ÞÞð3jð2Þ þ 4l 2ð ÞÞ
3 1 /ð Þðjeq  jð2ÞÞ þ 3jð2Þ þ 4l 2ð Þ ; ð93Þ
where / is the volume fraction of particles and the general expres-
sion of jeq is provided by (85). Concerning the effective shear mod-
ulus, its estimation by GSCM is obtained as the positive root of the
following quadratic equation:
H
l

lð2Þ
 2
þU l


lð2Þ
 
þW ¼ 0; ð94Þ
with the coefﬁcientsH;U andW expressed by (see, e.g., Christensen
and Lo, 1979)
H ¼ ½126/7=3  252/5=3 þ 50ð7 12mð2Þ
þ 8mð2Þ2Þ/ 1 l
eq
lð2Þ
 
þ 4ð7 10mð2ÞÞ 7þ 5mð2Þ  2 l
eq
lð2Þ
ð4 5mð2ÞÞ
 	
;
U ¼ ½252/7=3  504/5=3 þ 150ð3 mð2ÞÞmð2Þ/ 1 l
eq
lð2Þ
 
 3ð7 15mð2ÞÞ 7þ 5mð2Þ  2 l
eq
lð2Þ
ð4 5mð2ÞÞ
 	
;
W ¼ ½126/7=3  252/5=3 þ 25ð7 mð2Þ2Þ/ 1 l
eq
lð2Þ
 
 ð7þ 5mð2ÞÞ 7þ 5mð2Þ  2 l
eq
lð2Þ
ð4 5mð2ÞÞ
 	
; ð95Þ
where m 2ð Þ is Poisson’s ratio of the matrix phase and the general
expression of leq is given by (88).
In the formulae (93)–(95) giving the estimates of j
 and l
, the
effects of a general isotropic imperfect interface characterized by
the jump relations (25) and (26) are taken into account by jeq and
leq. When the interface becomes perfect, we have jeq ¼ jð1Þ and
leq ¼ lð1Þ and recover the classical results of Christensen and Lo
(1979) from (93)–(95). If the general expressions ( 85) and (88)
of jeq and leq reduce to (89), (90) or (91), (92), we retrieve the re-
sults presented by Duan et al. (2007a), for the interface stress mod-
el or for the spring-layer model. Thus, it can be concluded that the
results (93)–(95) together with (85) and (88) are consistent with
the results given by Christensen and Lo (1979) and Duan et al.
(2007a) but further include them as particular cases.
5. Numerical examples and discussions
This section has two purposes. First, it aims to discuss through
numerical examples the accuracy of the general isotropic imperfect
interface model in modelling an interphase as an imperfect inter-
face. Second, it has the purpose of showing by numerical examples
the ability of the general isotropic imperfect interface model to
capture size effects independently of the relative stiffness of
imperfect interfaces.
To achieve the aforementioned ﬁrst objective, we are interested
in a particulate composite consisting of a matrix in which spherical
particles of radius R coated with an interphase of thickness h are
embedded. Use will be made of three values for the ratio d ¼ h=R,namely d ¼ 0:001, d ¼ 0:01 and d ¼ 0:1. The isotropic elastic prop-
erties of the materials forming the particle X^ 1ð Þ, interphase X 0ð Þ and
matrix X^ 2ð Þ are such that
m 1ð Þ ¼ 0:2; m 2ð Þ ¼ 0:35; m 0ð Þ ¼ 0:3; l 1ð Þ=l 2ð Þ ¼ 10:
The effective elastic bulk and shear moduli j
 and l
, of the com-
posite in question are now estimated by GSCM and by successively
considering the three-phase conﬁguration X^ 1ð Þ=X 0ð Þ=X^ 2ð Þ (particle/
interphase/matrix) and the two-phase conﬁguration X 1ð Þ=C=X 2ð Þ
(particle/imperfect interface/matrix). The particle volume fraction
/ in the two-phase conﬁguration is taken to be / ¼ 0:4. Corre-
spondingly, the particle, interphase and matrix volume fractions
in the three-phase conﬁguration can be determined by
c 1ð Þ ¼ / 1 d
2
 3
; c 0ð Þ ¼ / 1þ d
2
 3
 c 1ð Þ; c 2ð Þ ¼ 1 c 1ð Þ  c 0ð Þ:
The effective bulk and shear moduli, j
 and l
, of the composite in
question are ﬁrst estimated by applying GSCM to the three-phase
conﬁguration X^ 1ð Þ=X 0ð Þ=X^ 2ð Þ (see, e.g., Le Quang and He, 2007) and
then by using formulae (93) and (94) for the two-phase conﬁgura-
tion X 1ð Þ=C=X 2ð Þ. In Figs. 3–5, the ratios j
=l 2ð Þ and l
=l 2ð Þ are plot-
ted in term of logðl 0ð Þ=l 2ð ÞÞ. It is seen that: (i) the effective bulk and
shear moduli estimated by the three phase model are almost iden-
tical to those computed by the two phase model for all three values
of d when l 0ð Þ is smaller than l 2ð Þ and when l 2ð Þ is not much larger
than l 0ð Þ; (ii) in the cases of d ¼ 0:001 and d ¼ 0:01, the two esti-
mates for j
 present only negligible difference regardless of the ra-
tio l 0ð Þ=l 2ð Þ but the two estimates for l
 exhibit non negligible
difference when l 2ð Þ is much larger than l 0ð Þ; (iii) in the case of
d ¼ 0:1, the difference between the two estimates for j
 is observed
and the one between the two estimates for l
 becomes notable
when l 2ð Þ is much larger than l 0ð Þ.
The numerical examples presented above show that the general
isotropic imperfect interface model is quite accurate in modelling
an interphase as an imperfect interface except for the situation
where the interphase is very stiff and is not sufﬁciently thin. In
such a case, a high order approximation is required in replacing
an interphase by an imperfect interface.
Next, we examine the capability of the general isotropic imper-
fect interface model to capture size effects for different interface
stiffness contrasts. For this, the following hypothetical numerical
values are assigned to the isotropic elastic properties of the matrix
and particles:
mð1Þ ¼ 0:35; mð2Þ ¼ 0:3; Eð1Þ ¼ 1 GPa; Eð2Þ ¼ 5Eð1Þ; ð96Þ
or equivalently
jð1Þ ¼ 1:1 GPa; lð1Þ ¼ 0:37 GPa;
jð2Þ ¼ 4:17 GPa; lð2Þ ¼ 1:92 GPa:
So, the particle is softer than the matrix. Concerning the interphase
between the matrix and a particle, its thickness is assumed to be
h ¼ 50 nm and four sets of hypothetical numerical values are cho-
sen for its isotropic elastic properties:
Case 1 : mð0Þ ¼ 0:2; Eð0Þ ¼ 40Eð1Þ; ð97Þ
Case 2 : mð0Þ ¼ 0:25; Eð0Þ ¼ 20Eð1Þ; ð98Þ
Case 3 : mð0Þ ¼ 0:4; Eð0Þ ¼ Eð1Þ=20; ð99Þ
Case 4 : mð0Þ ¼ 0:42; Eð0Þ ¼ Eð1Þ=40: ð100Þ
The associated bulk and shear moduli have the following numerical
values:
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Fig. 3. Case 1 with d ¼ 0:001: (a) evolution of the radio j
=l 2ð Þ versus logðl 0ð Þ=l 2ð ÞÞ; (b) evolution of the radio l
=l 2ð Þ versus logðl 0ð Þ=l 2ð ÞÞ.
-20 -10 0 10 20 -20 -10 0 10 20
log  ( )/μ μ (2)010log  ( )/μ μ (2)010
κ /μ(2)* μ /μ (2)*
Three phase model
Proposed model
1
2
3
4
5
6
Three phase model
Proposed model
0.5
1
1.5
2
2.5
Fig. 4. Case 2 with d ¼ 0:01: (a) evolution of the radio j
=l 2ð Þ versus logðl 0ð Þ=l 2ð ÞÞ; (b) evolution of the radio l
=l 2ð Þ versus logðl 0ð Þ=l 2ð ÞÞ.
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Fig. 5. Case 3 with d ¼ 0:1: (a) evolution of the radio j
=l 2ð Þ versus logðl 0ð Þ=l 2ð ÞÞ; (b) evolution of the radio l
=l 2ð Þ versus logðl 0ð Þ=l 2ð ÞÞ.
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Case 2 : jð0Þ ¼ 13:3 GPa; lð0Þ ¼ 8 GPa;
Case 3 : jð0Þ ¼ 0:08 GPa; lð0Þ ¼ 0:02 GPa;
Case 4 : jð0Þ ¼ 0:05 GPa; lð0Þ ¼ 0:01 GPa:
The parameters ci involved in the general isotropic imperfect inter-
face model are calculated by using (27) and speciﬁed by the follow-
ing table:Case c1 c2 GPað Þ1 c3 GPað Þ1 c4 GPað Þ c5 GPað Þ
1 0:467 0:73 3:1 62:1 14:6
2 0:3 0:69 2:97 27:4 8:1
3 0:37 17:9 108:8 4:52 1:99
4 0:48 30:5 223:9 4:55 2:02To study the size dependence of the effective elastic properties
of the composite under consideration, the particle volume fraction
/ is kept constant, i.e. / ¼ 0:3. With the foregoing numerical val-
ues, the effective elastic bulk and shear moduli, j
 and l
, calcu-
lated by (93) and (94) are plotted versus the particle radius R in
Figs. 6 and 7. It is seen that both j
 and l
 depend on the particle
radius R but this dependence disappears almost when R > 50 l m.
More precisely, in the cases 1 and 2 where jð0Þ > jðiÞ and lð0Þ > lðiÞ
with i ¼ 1 and 2, the values of j
 and l
 are larger than their
respective size-independent values obtained for the situation
where the interfaces are perfect; in addition, j
 and l
 decrease
when R increases. In the cases 3 and 4 where jð0Þ < jðiÞ and
lð0Þ < lðiÞ with i ¼ 1 and 2, we have the inverse observations: the
values of j
 and l
 are lower than their respective size-indepen-
dent values computed when the interfaces are perfect; the values
of j
 and l
 increase while R increases.
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Fig. 6. The effective elastic bulk modulus j
 versus the particle radius R with the
particle volume fraction / ¼ 0:3.
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Fig. 7. The effective elastic shear modulus l
 versus the particle radius R with the
particle volume fraction / ¼ 0:3.
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imperfect interface model can capture the size effects regardless
of the relative stiffness of the imperfect interfaces, extending
and bridging the Gurtin–Murdoch and spring-layer interface
models.6. Concluding remarks
A general linear elastic imperfect interface model has been used
to account for the effects of imperfect interfaces on: (i) the elastic
ﬁelds in an inﬁnite body embedding an imperfect bonded spherical
particle and undergoing remote uniform strain boundary condi-
tions; (ii) the effective bulk and shear moduli of a particulate com-
posites with imperfect bonded spherical particles. Owing to the
fact that the general interface model adopted covers not only the
spring-layer and Gurtin–Murdoch interface models but also the
intermediate situations between them, the results obtained in
the present work have uniﬁed and extended the relevant resultsreported in the literature relative to linear elastic imperfect
interfaces.
The analytical solution derived in the present paper for the
problem of an inﬁnite matrix containing a spherical inclusion
through a general imperfect interface and subjected to uniform
remote loading makes it possible to directly apply appropriate
classical micromechanical schemes, such as the generalized
self-consistent model and the Mori–Tanaka model, for estimat-
ing the size-dependent effective elastic moduli of composites
with spherical particles. Instead of using this direct method,
we have adopted the indirect energy equivalency approach pro-
posed by Duan et al. (2007a). The reason for this choice is due
to the fact the indirect equivalency approach has the advantage
that, once an imperfectly bonded inclusion has been replaced by
the equivalent perfectly bonded inclusion, all the relevant classi-
cal formulae of micromechanics for estimating the effective bulk
and shear moduli of particulate composites can be directly ap-
plied. We expect that the results given by the direct method
would be the same as those delivered by the indirect method.
However, we have no certitude about this point before having
done the corresponding computations. These computations will
be carried out in a forthcoming paper where not only the gener-
alized self-consistent model but also the Mori–Tanaka model
will be applied.
In the present work, the particles in a particulate composite
have been taken to be spherical. From the practical standpoint, this
geometrical idealization may appear to be too limitative. When
particles are of different sizes or/and non-spherical, numerical
methods becomes necessary. The numerical approach combining
the extended ﬁnite element method (XFEM) and the level-set
method (LSM) has been proved to be efﬁcient in the cases where
the spring-layer and Gurtin–Murdoch interface models are used
(see, e.g., Zhu et al., 2011; Yvonnet et al., 2008). This approach
would be remain efﬁcient when the general linear elastic imperfect
interface prevails provided the appropriate enrichment functions
are used to capture both the interfacial displacement and traction
discontinuities. In this situation, the results obtained in the present
work can serve as benchmarks.
The general elastic imperfect interface model is exact to within
an error of order 0ðh2Þ where h is the thickness of an interphase
between two phases in a composite. If h is not very small com-
pared with the size of one of the surrounding phases, a high-order
linear elastic imperfect interface will be needed (see, e.g., Benven-
iste and Miloh, 2001; Chen and Chiu, 2011). In this case, the results
given in the present work may be not sufﬁciently accurate. How to
introduce a high-order linear elastic imperfect interface in a
micromechanics scheme is still a largely open problem. In addition,
how to implement a high-order linear elastic imperfect interface
within the XFEM-LSM framework is also an interesting numerical
issue to be treated.Acknowledgements
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ence Foundation of China (Grant No. 2013M530406).Appendix A. The expressions for the components of W , y and z
in (66)
The system (66) of 4 linear equations can be written in the com-
ponent form Wijyj ¼ zi. The components Wij; yj and zi are calcu-
lated by introducing 58,59,60,61 and (64), (65) into (25) and
(26), and they are speciﬁed as follows:
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1ð Þ;
W12 ¼ 15j
ð1Þ þ 11uð1Þ
3uð1Þ
þ d
2
c3 8jð1Þ þ 5l
ð1Þ
3
 
;
W13 ¼ 2 32 dc3l
2ð Þ;
W14 ¼ 2 d2 c3 3j
ð2Þ  23l 2ð Þ

 
;
W21 ¼ 14 dc1  1
1
2
dc2l 1ð Þ
 
;
W22 ¼ 2l
ð1Þ  3jð1Þ
lð1Þ
 1
4
dc1
9jð1Þ þ 15lð1Þ
lð1Þ
 1
4
dc2 3j 1ð Þ  2lð1Þ

 
;
W23 ¼ 3j
ð2Þ þ 3lð2Þ
lð2Þ
 1
2
dc1
3jð2Þ
lð2Þ
þ 1
2
dc2 9jð2Þ þ 4l 2ð Þ

 
;
W24 ¼ 3 1 dc1 þ 2dc2l 2ð Þ

 
;
W31 ¼ l
1ð Þ
l 2ð Þ
2þ dc1ð Þ  12
d
l 1ð Þ
c5 þ c42
  	
;
W32 ¼ 12
3jð1Þ  2lð1Þ
l 2ð Þ
2þ dc1ð Þ þ 12
d
lð1Þ
c5 þ c42
 9jð1Þ þ 15lð1Þ
l 2ð Þ
;
W33 ¼  9j
ð2Þ
l 2ð Þ
þ 4
 
2þ dc1ð Þ þ 3 dlð2Þ c5 þ
c4
2
 jð2Þ
l 2ð Þ
;
W34 ¼ 3 4 2þ dc1ð Þ þ dlð2Þ c5 þ
c4
2
  	
;
W41 ¼ l
1ð Þ
l 2ð Þ
2 dc1 þ 12
d
lð1Þ
c5 þ 34
d
lð1Þ
c4
 	
;
W42 ¼ 16j
ð1Þ
l 2ð Þ
þ 10l
ð1Þ
3l 2ð Þ
 
 d
2
c1
3j 1ð Þ  2lð1Þ
l 2ð Þ
 d
2
c5
lð1Þ
9jð1Þ þ 15lð1Þ
l 2ð Þ
 d
4
c4
lð1Þ
57jð1Þ þ 67lð1Þ
3l 2ð Þ
;
W43 ¼ 6j
ð2Þ
l 2ð Þ
þ dc1 9j
ð2Þ þ 4l 2ð Þ
l 2ð Þ
 
 3 dc5
l 2ð Þ
jð2Þ
lð2Þ
 1
2
dc4
l 2ð Þ
3jð2Þ  2lð2Þ
lð2Þ
;
W44 ¼ 16þ 12dc1  6 dc5lð2Þ  4
dc4
lð2Þ
 	
;
y ¼ Að1Þ; Bð1ÞR2; Cð2Þ=R3; Dð2Þ=R5
 T
;
z1 ¼ 12 dc3l
2ð Þ  1;
z2 ¼ 12 dc2l
2ð Þ  1
4
dc1  1;
z3 ¼  2þ dc1ð Þ  d2l 2ð Þ c5 þ
c4
2
 
;
z4 ¼ dc1  d2
c5
lð2Þ
 3
4
d
c4
lð2Þ
 2:
In the case where the Gurtin–Murdoch (or membrane-type) inter-
face model prevails, we account for (70) in the foregoing expres-
sions of W and z to simplify them as follows:
W11 ¼ 1; W12 ¼ 15j
ð1Þ þ 11uð1Þ
3uð1Þ
; W13 ¼ 2; W14 ¼ 2;
W21 ¼ 1; W22 ¼ 2l
ð1Þ  3jð1Þ
lð1Þ
; W23 ¼ 3j
ð2Þ þ 3lð2Þ
lð2Þ
;
W24 ¼ 3;W31 ¼ 2l
1ð Þ
l 2ð Þ
 1
l 2ð Þ
js
R
;
W32 ¼ 3j
ð1Þ  2lð1Þ
l 2ð Þ
 js
R
9jð1Þ þ 15lð1Þ
lð1Þl 2ð Þ
;
W33 ¼ 2 9j
ð2Þ
l 2ð Þ þ 4
 
 6js
R
jð2Þ
lð2Þl 2ð Þ ;
W34 ¼ 3 4þ 2 1lð2Þ
js
R
 	
;
W41 ¼ l
1ð Þ
l 2ð Þ
2 js þ 2ls
R
1
l 1ð Þ
 	
;
W42 ¼ 16j
ð1Þ
l 2ð Þ
þ 10l
ð1Þ
3l 2ð Þ
 
þ js  ls
R
9jð1Þ þ 15lð1Þ
l 1ð Þl 2ð Þ
þ ls
R
57jð1Þ þ 67lð1Þ
3l 2ð Þl 1ð Þ
;
W43 ¼ 6j
ð2Þ
l 2ð Þ
þ 6js  ls
R
jð2Þ
lð2Þl 2ð Þ
þ 2ls
R
3jð2Þ  2lð2Þ
lð2Þl 2ð Þ
;
W44 ¼ 4 4þ 3js þ lsR
1
l 2ð Þ
 	
;
z1 ¼ z2 ¼ 1; z3 ¼ jsRl 2ð Þ  2; z4 ¼ 2þ
js þ 2ls
R
1
l 2ð Þ
:
In the situation where the spring-layer interface model is applica-
ble, we account for (73) in the the general expressions of W and z
and obtain
W11 ¼ 1 aTR l
1ð Þ;
W12 ¼ 15j
ð1Þ þ 11uð1Þ
3uð1Þ
þ aT
R
8jð1Þ þ 5l
ð1Þ
3
 
;
W13 ¼ 2 3aTR l
2ð Þ;
W14 ¼ 2 aTR 3j
ð2Þ  23l 2ð Þ

 
;
W21 ¼ 1 anR l
1ð Þ
 
;
W22 ¼ 2l
ð1Þ  3jð1Þ
lð1Þ
 1
2
an
R
3j 1ð Þ  2lð1Þ
 ;
W23 ¼ 3j
ð2Þ þ 3lð2Þ
lð2Þ
þ an
R
9jð2Þ þ 4l 2ð Þ
 ;
W24 ¼ 3 1þ 4anR l
2ð Þ
 
;
W31 ¼ 2l
1ð Þ
l 2ð Þ
; W32 ¼ 3j
ð1Þ  2lð1Þ
l 2ð Þ
;
W33 ¼ 2 9j
ð2Þ
l 2ð Þ
þ 4
 
; W34 ¼ 24;
W41 ¼ 2l
1ð Þ
l 2ð Þ
; W42 ¼ 16j
ð1Þ
l 2ð Þ
þ 10l
ð1Þ
3l 2ð Þ
 
; W43 ¼ 6j
ð2Þ
l 2ð Þ
;
W44 ¼ 16;
z1 ¼ aTR l
2ð Þ  1; z2 ¼ anR l
2ð Þ  1; z3 ¼ 2; z4 ¼ 2:Appendix B. Elastic ﬁelds in the general case of a remote
uniform strain boundary condition
The general remote uniform strain boundary condition (42) is
prescribed with the strain tensor e0 being decomposed into an
isotropic part e0I and a deviatoric part ~e0 as in Eq. (67). The
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ﬁelds in the particle Xð1Þ and matrix Xð2Þ are speciﬁed below:
u 1ð Þ ¼ e0a 1ð Þxþ Að1Þ  15j
ð1Þ þ 11lð1Þ
3lð1Þ
Bð1Þ xk k2
 
~e0x
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þ 2l 2ð Þ 3 C
ð2Þ
xk k5 þ 5
Dð2Þ
xk k7
 !
~e0 : ðx xÞ I
þ 2l 2ð Þ 1þ 2 C
ð2Þ
xk k3
 2 D
ð2Þ
xk k5
 !
~e0
 10l 2ð Þ 3j
ð2Þ þ lð2Þ
lð2Þ
Cð2Þ
xk k7 þ 7
Dð2Þ
xk k9
 !
~e0 : ðx xÞ  x xð Þ
þ 2l 2ð Þ 3j
ð2Þ  2lð2Þ
lð2Þ
Cð2Þ
xk k5 þ 10
Dð2Þ
xk k7
 !
ð~e0xÞ  xþ x ð~e0xÞ :Appendix C. The expressions for some material parameters
involved in (88)
The material parameters x; fi and gi involved in the formula
(88) giving the shear modulus leq of the material forming the
equivalent particle are speciﬁed as follows:
x ¼ 5 4þ 57j
1ð Þ
l 1ð Þ
þ 136l
2ð Þ
l 1ð Þ
þ 48l
2ð Þ
l 1ð Þ
j 1ð Þ
l 1ð Þ
 
;f1 ¼ 20þ 285j
1ð Þ
l 1ð Þ
 952l
2ð Þ
l 1ð Þ
 336l
2ð Þ
l 1ð Þ
j 1ð Þ
l 1ð Þ
;
f2 ¼ 12l
2ð Þ
l 1ð Þ ð4l
1ð Þ þ 57j 1ð ÞÞ;
f3 ¼ 8l
2ð Þ
l 1ð Þ
ð4l 1ð Þ þ 57j 1ð ÞÞ;
f4 ¼ 1l 1ð Þ 245þ
735
4
j 1ð Þ
l 1ð Þ
þ 238l
2ð Þ
l 1ð Þ
þ 84l
2ð Þ
l 1ð Þ
j 1ð Þ
l 1ð Þ
 
;
f5 ¼ 1l 1ð Þ 410þ
345
2
j 1ð Þ
l 1ð Þ
þ 68l 2ð Þ
l 1ð Þ
þ 24l
2ð Þ
l 1ð Þ
j 1ð Þ
l 1ð Þ
 
;g1 ¼ 28þ 399
j 1ð Þ
l 1ð Þ
 680l
2ð Þ
l 1ð Þ
 240l
2ð Þ
l 1ð Þ
j 1ð Þ
l 1ð Þ
;
g2 ¼ 2l 1ð Þ 4þ 57
j 1ð Þ
l 1ð Þ
þ 160l
2ð Þ
l 1ð Þ
þ 390l
2ð Þ
l 1ð Þ
j 1ð Þ
l 1ð Þ
 
;
g3 ¼ l 1ð Þ 12þ 171
j 1ð Þ
l 1ð Þ
þ 440l
2ð Þ
l 1ð Þ
þ 600l
2ð Þ
l 1ð Þ
j 1ð Þ
l 1ð Þ
 
;
g4 ¼ 14l 1ð Þ 17þ 6
j 1ð Þ
l 1ð Þ
 
;
g5 ¼ 24l 1ð Þ 17þ 6
j 1ð Þ
l 1ð Þ
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